CLIFFORD THEORY FOR TENSOR CATEGORIES 



CESAR GALINDO 

Abstract. A graded tensor category over a group G will be called a strongly 
G-graded tensor category if every homogeneous component has at least one 
multiplicatively invertible object. Our main result is a description of the mod- 
ule categories over a strongly G-graded tensor category as induced from module 
categories over tensor subcategories associated with the subgroups of G. 



1. Introduction 

The classical Clifford theory is an important collection of results relating repre- 
sentation of a group to the representation of its normal subgroups. The principal 
results can be generalized using strongly graded rings, as in [7]. The goal of this 
paper is to describe a categorical analogue of the Clifford theory for tensor cate- 
gories. 

Throughout this article we work over a field k. By a tensor category (C, 0, a, 1) 
we understand a fc-linear abelian category C, endowed with a /c-bilinear exact 
bifunctor O : C x C ^ C, an object 1 G C, and an associativity constraint 
Oiv,w,z ■ (y ® W) ®Z^V®{W®Z), such that Mac Lane's pentagon axiom holds 
®l = l®V = V, av,i,w = idy«.w for all V,W €C and dinife Endc(l) = 1. 

An interesting and active problem is the classification of module categories over 
a tensor category. See [5], [TU], [12], [20], EH- A left module category over a 
tensor category C, or a left C-module category, is a fc-linear abelian category M 
equipped with an exact bifuntor ® : C x J\A ^ and natural isomorphisms 
ax,Y,M ■■ (A (g) r) (g) M ^ A (r M), A, y, Z e C, A/ e X, satisfying natural 
axioms. 

Definition 1.1. Let C be a tensor category, and let be a C-module category. A 
C-submodule category of AJ is a Serre subcategory M C M oi M such that TV is 
a C-module category with respect to (g. 

A C-module category will be called simple if it does not contain any non-trivial 
C-submodule category. 

Remark 1.2. A rigid tensor category over an algebraically closed field is called fi- 
nite, if it is equivalent as an abelian category to the category of finite representation 
of a finite dimensional algebra, see [TT]. In this case the right definition of mod- 
ule category is that of an exact module category, see loc. cit. For exact module 
categories over finite tensor categories, the notion of simple module category is 
equivalent to that of indecomposable module category. In particular a semisimple 
module category over a fusion category is simple if and only if it is indecomposable. 
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Let C and V be tensor categories. A C-P-bimodule category is a fc-linear abelian 
category A^, endowed with a structure of left C-module category and right 2?- 
module category, such that the "actions" commute up to natural isomorphisms in 
a coherent way. See Section [2] for details on the definitions of C-module category, 
C-bimodule category, C-module functor, C-linear natural transformation and their 
composition. 

For a right C-module category M and a left C-module category TV, the tensor 
product category of fc-linear module categories MMqM was defined in [57]; however, 
typically M \s not an abelian category. If is a P-C-bimodule category the 

category M Mc M has a coherent left I?-action. 

Let G be a group and C be a tensor category. We shall say that C is G-graded, 
if there is a decomposition 

C = ®x£gCx 

of C into a direct sum of full abelian subcategories, such that for all a,x E G, the 
bifunctor (g) maps C^ x Cx to Cax- See [T2] . 

Recall that a graded ring A = ©creG^o- is called strongly graded, if A^Ay — A^y 
for all x,y G G. If we denote by C^ • Ct C Car the full fc-linear subcategory of 
Car whose objects are direct sums of objects of the form (i) Wr, for Va G C^, 
Wr £ Cr, (JjT G G, the definition of strongly graded tensor category is the following: 

Definition 1.3. Let C = (BaecCa be a graded tensor category over a group G. 
We shall say that C is strongly graded if the inclusion functor ■ Cr ^ Car is an 
equivalence of fc-linear categories for all a,T £ G. 

Remark 1.4. Note that Ca-Cr is only the full k-Unear subcategory of Co-t, and not the 
full abelian subcategory generated by C^ ■ Ct- . For example the Tambara-Yamagami 
categories TY{A, x, e) (see [2^) are Z2-graded fusion categories not strongly graded. 
In fact, the simple objects of Co are invertible and Ci only have one simple. Then 
the objects of the category Ci • Ci has the form {X (g) X)®", and the full fc-linear 
subcategory Ci • Ci is not equivalent to Co, if Cq has more than one simple object. 
Note that the abelian subcategory of Cq generated by Ci • Ci is equivalent to Co. 

Also note that for every tensor category (C,(8),/), the fc-linear category C • C is 
equivalent to C, since F = J (g) F G C • C, for every V £ Obj{C). 

By Lemma [37l] a graded tensor category over a group G is a strongly G-graded 
tensor category, if and only if every homogeneous component has at least one in- 
vertible object. Let C be a strongly G-graded tensor category. Given a Cg-module 
category M, we shall denote by flc^{M) the set of equivalences classes of simple 
Cg-submodule categories of A^. By Corollary 14.31 the group G acts on flc^ {Ai) by 

G X ncAM) ^ ncAM), {g, [X]) ^ [Cg He, X]. 

Our main result is: 

Theorem 1.5 (Clifford Theorem for module categories). Let C be a strongly G- 
graded tensor category and let M. be a simple abelian C-module category. Then: 

(1) The action of G on VLc^{M) is transitive, 

(2) Let J\f be a simple abelian Ce-submodule subcategory of Ai. Let H = st([J\f]) 
be the stabilizer subgroup of [J\f] £ flc^{M), and let also 
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Then Mj\f is a simple Ch -module category and A4 = C o,s C- 

module categories. 

An important family of examples of strongly graded tensor categories are the 
crossed product tensor categories, see [TS], [35]. Let C be a tensor category and let 
G be a group. We shall denote by G the monoidal category, where the objects are 
the elements of G, arrows are identities and tensor product the product of G. 

Let Aut^(C) be the monoidal category where objects are tensor auto-equivalences 
of C, arrows are tensor natural isomorphisms and tensor product the composition 
of functors. An action of the group G over a monoidal category C, is a monoidal 
functor * : G Aut^(C). 

Given an action * : G — > hxitt^{C) of G on C, the G-crossed product tensor 
category, denoted by C xi G is defined as follows. As an abelian category C x G = 
^^^qCct, where Co- = C as an abelian category, the tensor product is 

[X,a]®[Y,T]:=[X ®a^{Y),aT], X,YeC, G.reG, 

and the unit object is [1, e]. See |28j for the associativity constraint and a proof of 
the pentagon identity. 

The category C xi G is G-graded by 

C X G = 0(C X G)^, where (C x G)a = 

and the objects [1, cr] S (C x G)^ are invertible, with inverse [1, cr"^] G (C x G)o--i. 

Another useful construction of a tensor category starting from a G-action over a 
tensor category G, is the G-equivariantization of C, denoted by C'-^ . This construc- 
tion has been used for example in [3], [14], [17], [18], [28] . 

The category C is a C x G- module category with action [y, cr] (g) = V ®a^, [W), 
see [H], [28]. Moreover, the tensor category of C x G- linear endofunctors of C 
denoted by J-cxg(C,C), is monoidally equivalent to the G-equivariantization C'^ of 
C, see [18]. With help of this equivalence can be describe the module categories 
over C*^ , using the description of the module categories over the strongly G-graded 
tensor category C x G, see [13] for the fusion category case. 

The paper is organized as follows: Section 2 consists mainly of definitions and 
properties of module and bimodule categories over tensor categories and the tensor 
product of module categories, that will be need in the sequel. In Section 3 we 
introduce module categories graded over a G-set and give a structure theorem for 
them. In Section 4 the main theorem is proved. In Section 5 we describe the simple 
module categories over C x G and the simple module categories over C*^ if G is 
finite. 

2. Preliminaries 

A fc- linear category or a category additive over /c, is a category in which the sets 
of arrows between two objects are /c-vector spaces, the compositions are fc-bilinear 
operations, finite direct sums exist and there is a zero object. A fc-linear functor 
C — >■ P between /c-linear categories, is and additive functor /c-linear on the spaces 
of morphisms. The notion of fc-bilinear bifunctor C x C ^ V \s the obvious. 

Definition 2.1. [19l Definition 6.] Let C be a monoidal category. A left C-module 
category over C, is a category M together with a bifuntor ® ■ C x M M and 
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natural isomorphisms 

mx,Y,M ■■ {X ®Y) (S) M ^ X ® iX (S) M), 

such that 

{.ax,Y,Z ® M)mx,Y'»Z,M(^ my.z^M) = mx(g,Y,Z,M'^X,Y,Z0M, 

1 (g) M = M, 

for aU X,Y,Z e C,M G M. 

A module category Ai over a tensor categories C always will be abelian, and the 
bifunctor : C x Ai Ai biexact. A right module category is defined in a similar 
way. 

Remark 2.2. For a category A^, the category of fc-linear exact endofunctors J^(A^, Al) 
is a fc-linear abelian strict monoidal category, where the kerner of morphism t : F ^ 
G in T{M,M), is the functor K : M M, defined by K{M) — ker(TM), and 
with the composition of functors as tensor product, and . For a tensor category 
C, a structure of C-niodule category (A^,(g),m) on Ai is the same as an exact 
monoidal functor (F, : C — )■ JF [Ai,Ai). The bijection is given by the equation 
1/ (g) M = F{V){AI), identifying 

{C,vm)m ■■ {F{V) o F{W))(M) F{V ® W){M) 

with 

m-^^Y.M -V ®{W ® M) {V ®W)® M. 

Example 2.3. Let (A, to, e) be an associative algebra in C. Let Ca be the category 
of right A- modules in C. This is an abelian left C-module category with action 
V (8) (Af, 77) — iy IS) AI, (idv (8) 'ri)av,M,A) and associativity constraint ax.Y,M, for 
X,Y e C,M e Ca- See [El sec. 3.1]'. 

Example 2.4. We shall denote by Vec/ the category of finite dimensional vector 
spaces over k. This is a semisimple tensor category with only one simple object. 
For every fc-linear abelian category Ai, there is an unique Vec/-module category 
structure with action fc®" (g) X := X®'\ See [H Lemma 2.2.2]. 

Example 2.5. Let 77 be a Hopf algebra and let B C A be a left faithfully flat H- 
Galois extension. Let Ais and A^'^ be the categories of right S-modules and right 
i/-comodules, respectively. Recall that category of right Hopf {H, A)-modules Ai^ 
is by definition the category {A4^)a of right ^-modules over Ai^ . By Schneider's 
structure theorem [26], the functor Ais ^ {Ai^)A, M M ®b A, is a. category 
equivalence with inverse M 1— > AP°^ . So Ads has a ^-module category structure 
as in Example 12.31 

For two C-modules categories Ai and TV, a C-linear functor or module functor 
(F, (p) : Ai ^ Af consists of an exact functor F : A4 ^ Af and natural isomorphisms 

</>x,M : F{X (g)M)^X(g) F{M), 

such that 

{X (g) 4'Y,M)<l>X,Y^MP{m'X,Y,M) = ™X,y,_F(M)0X®l',Af , 

for all X,Y eC, M e M. 

If A^jA/" are fc-linear abelian categories, then J-Yccf{Ai,M) is the category of 
fc-linear exact functors, so J^vcc/ ( Al , AT) = T{Ai,Af). 
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A C-linear natural transformation between C-linear functors {F, cj)), [F' , <p') : 
M. — >■ A/", is a fc-linear natural transformation a : F ^ F' such that 

for all X eC,M e M. 

We shall denote the category of C-linear functors and C-linear natural transfor- 
mations between C-modules categories M.,N hy Tc{M.,N). 

Definition 2.6. Let C be a tensor category and let be a C-module category. A 
C-submodule category of is a Serre subcategory J\f Q M. of M., such that is a 
C-module category with respect to ®. 

A C-module category will be called simple if it does not contain any non-trivial 

C-submodule category. 

For C-linear functors (G, ijj) : T) ^ and {F, (j)) : Ai ^ TV, the composition is 
a C-linear functor {F o G,6) : V ^ TV, where 

Ox,L = 4>x,g{l)F{iPx,l), 
for X G C, L G v. So we have a bifunctor 

{{F,cl>),{G,i>))^{F,4,)o{G,i>). 

2.1. Strict module categories. 

A monoidal category is called strict if its associativity constraint is the identity. 
In the same way we say that a module category (A^,(8),a) over a strict monoidal 
category (C, (g), 1) is strict, if a is the identity. 

The main result of this subsection establishes that every monoidal category C 
is monoidally equivalent to a strict monoidal category C, such that every module 
category over C is equivalent to a strict one. 

Lemma 2.7. Let C he a monoidal category. Then Tc{C,C) = C, where C is a left 
C-module category with the tensor product and the isomorphism of associativity. 
Moreover, = J^c(C,C) as monoidal categories (where C°^ = C as categories, and 
tensor product V ®°pW = W ®V). 

Proof. We define the functor (— ) : C — ?• Fc{C,C) as follows: given F G C, the 
functor (y, a-,-y) : C ^ C,W ^ W ®V, ax,Y,v ■ y{X ®Y) X ® V{Y) 
is a C-module functor. If </> : y — > y' is a morphism in C, we define the natural 
transformation ^ -.V ^ V , bs'^w = idw^(t> ■ vlw) = W®V V'{W) = W^V. 
The natural isomorphism 

gives a structure of monoidal functor to (— ). 

Let {F, -0) : C — > C be a module functor. Then we have a natural isomorphism 

cTx = ^x,i : F{X) = F{X ^l)^Xi» F{1) = 

such that 

'^X,Y,F{l)<^X(^Y = ax,Y,F{l)'4>X(S:Y,l 

= idx (8> ° i^x,Y 
= idx (8> cry O 1px,Y- 
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That is, ax is a natural isomorphism module between {F,tp) and (F(l), a____F(i)). 
So the functor is essentially surjective. 

Let (j> : V ^ V' he a C-linear natural morphism. Then ax,i.v4'x = idx ^ 

^iQ^x,i,y, so (/)js: = idx <8) ^ii, and the monoidal functor (— ) is faithful and full. 
Hence, by [Ml Theorem 1, p. 91] and [22l Proposition 4.4.2], the functor is an 
equivalence of monoidal categories. □ 

Proposition 2.8. Let C be a monoidal category, then there is a strict monoidal 
category C, such that every module category overC is equivalent to a strict C -module 
category and C is monoidally equivalent to C. 

Proof. Let C — J-'c{C,C)°p . By Lemma [2.71 C is monoidally equivalent to C. Let 
{A4,®,m) be a left C-module category. The category Tc{C,M) is a strict left 
C-module category with the composition of C-module functors. Conversely, if A4' 
is a C-module category, then A^' is a module category over C, using the tensor 
equivalence (— ) : C — > Jx(C,C). 

In a similar way to the proof of the Lemma 12.71 the functor 

M^Tc{C,M) 

is an equivalence of C-module categories. So every module category over C is equiva- 
lent to a strict one. □ 

2.2. Tensor product of module categories. 

Definition 2.9. [27l pp. 518] Let (7W,m) and {J\f,n) be right and left C-module 
categories respectively. A C-bilinear functor {F, Q : 7W x A/" ^ 2? is a bifunctor 
F : A4 X JV ^ V, together with natural isomorphisms 

Cm.x,n ■■ F{M (g)X,N)^ F(M, X ® N), 

such that 

F{mM,x,Y,N)CM,x®Y,NF{M,nx,Y.N) — Cm®x,y,n(,m,x,y®n, 

for aU M 6 7W, ^ e A/", X, y G C. 

A natural transformation a; : (i^, C) ~^ {F',C) between C-bilinear functors, is a 
natural transformation ujm.n ■ F{M, N) — > F'{M, N) such that 

^AI,X(g)NCM,X,N — Ot'M,X,N^M®X,N, 

for ah M € M, N £N, X e C. 

Example 2.10. Let C be a tensor category and let 2? be a tensor subcategory of 
C. Let {j\4,m) be a C-module category and let A/" be a P-module subcategory of 
the 2?- module category M. Then the functor C x A" A^, {V,N) V" ® A/, has a 
canonical I?-bilinear structure. Here, C is a I?-module category in the obvious way, 
and the 2?-bilineal isomorphism is given by m. 

We shall denote by Bil(A^, A"; 2?) the category of C-bilinear functors. In a 
fc-linear category (not necessarily abelian) Ai A/" is constructed by generators 
and relations, together with a C-bilinear functor T : A4 x Af ^ Ai A/", that 
induces an equivalence of fc- linear categories A4 KIc A/", 2?) Bil( A1 , Af; V) , for 
every fc-linear category 2?. 
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The objects of A4 A/" are finite sums of symbols [X, y], for objects X ^ Ai, 
Y G TV. Morphisms are sums of compositions of symbols 

[f,g] : [X,Y] ^ [X'X], 

for f : X ^ X', g :¥ ^ Y' , symbols 

ax,v,Y ■.[X^V,Y]^ [X, V®Y], 

for X G A4, V E C, N <E Af, and symbols for the formal inverse of ax,v,Y- The 
generator morphisms satisfy the following relations: 

(i) Linearity: 

[/ + /', .9] = ff] + [/', ff] , [/, 9 + .9'] - [/, .9] + [/, .9'] , 
[a/, 5] = [f^ag] = a[f,g], 

for all morphisms /, f : M ^ M' in M, g, g' : N ^ N' in Af, and a e k. 

(ii) Functoriality: 

iff ,99'] = [f',9'][f,9], [idM,id7v] = id[M,Ar], 

for aU f : M ^ M', f : M' M" in M., smA g : N ^ N', g' : N' ^ N" in TV. 

(iii) Naturality: 

ciM'.V'.N'if ®u,g] = [f,u(g) g]aMy,N, 

for morphisms f : M ^ M' in M, u -.V -^V inC, and g : ^ TV' in TV. 

(iv) Coherence: 

[ctM,V,W ,^dN]o:My^W,N[^dM , 0!v,W,n] — CtM^V,Y,NOiM,X,Y^N , 

for aU Af G TW, TV G TV, y, G C. 

Let TW , TV be /c-linear categories, then the category AiMJV := Ai Klvccj TV, is the 
tensor product of fc-linear tensor categories; see Definition 1.1.15]. If Ai and TV 
are semisimple categories, this is the Deligne's tensor product of abelian categories 

m. 

Definition 2.11. [27, pp. 517] Let Ci and C2 be tensor categories. A C1-C2- 
bimodule category is a fc-linear abelian category Ai , equipped with exact bifunctors 
(8':Ci X A4 ^ A4, iSi : A4 x C2 ^ A4, and naturals isomorphisms 

ax,Y,M : (X r) M ^ X ® (r (X) M), 
: {X (E) M) (E) S ^ X ^ (M (E) S), 
aM,s.T : {M (g) S)(g)T ^ M (E){S (g)T), 

for all X,Y e Ci, M G TW, S', T G C2, such that A4 is a left Ci-module category 
with ax.Y,M, it is a right C2-module category with aM,s.T, and 

idx (8> (XY,M,SOtX,Y»M,SC'XX,M ® ids — CtX,Y,M<^ZOix^Y,M,S, 
idx ® aM,S.TCtX,M^S,TOlX,M,S ® idT = Olx,M,S^TCtX^M,S,T- 

If TW is a (Ci , C2)-bimodule category and TV is a right C2-bimodule category, then 
the category Ai Elc^ TV has a structure of left Ci-module category. 

The action of an object X € Ci over an object [M, TV] G TW TV is given by 

X(E)[M,N] = [X® M,TV]. 
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The action over the morphisms aM.Y,N is given by idx ® aM,Y,N = ax®M,x.Y,N ° 
i'^x^M y ' ^] ' ^^"^ associativity is 

[ax,YM,N] : [{X (g>Y)(g> M, N] [X ® (Y ® M), N]. 

Proposition 2.12. Let C be a tensor category. Let A^i, be C-bimodule cate- 
gories, and let Ad^ be a right C-module category. Then 

(1) C Mq M-s = CIS left C-module categories. 

(2) {Ml He M2) He M3 = Ml He iM2 He M3), as left C-module categories. 

(3) if M = ©"A^% TV — ®™A/'-', as right and left C-module categories, then 
M He A/" = (DijMi He J\fj, as k-linear categories. 

Proof. By Proposition l2.81 we can suppose that all module categories are strict. 

(1) The functor F : M C Mc M M H> [1,M], is a category equivalence. In 
effect, using the isomorphism ai^x,M, we can see that F is essentially surjective, 
and every morphism between [1, M] and [1, N] is of the form [1, /], for f : M N. 
Then F is faithful and full. Moreover, with the natural isomorphism riv,M = 
cti,v,M ■ F{V (g) N) V ® F{N), the pair {F, rf) is a C-linear functor, since 

'>lv®w,M — aiyi^w,]\i —av,w,M o ai,y,w®M 

=idv ® ai^w,M o 'nv,w<^M 

=idy rjwM ° VV,W(g)M- 

(2) For every object Mi e Mi, the functor Ami : M2 x M3 {Mi He M2) He 
M3, where 

Ami {M2 , M3) = [[Ml , M2] , M3] , Ami (/, 9) = [[idA/i J], 9], 
with the natural transformation 77]^^ v M3 ■~ cx\^Mi,M2],v.M3^ is a C-bilinear func- 
tor. So we have a family of functors Ami : M2 He M3 -> (A^i He M2) He A^3, 
Al^([M2,M3]) = [[Mi,M2],M3]. Now, the functor 

Ml X (A^2 Kle A^s) [Ml He A/(2) Kle M3, 
{Ml, [M2, Afa]) A^([M2, M3]), 

with the natural transformation 77^,^^ y [M2 A/3] ~ '^A/i,y,[A/2.Af3] ; is a C-bilinear func- 
tor. So we have a functor tt : Ali He {M2 He (Xi He M2) He A^3, 
[Ml, [M2,M3]] [[Mi,M2],M3]. The functor tt is essentially surjective and 

A[L[9,h]])^[[f,g],h] 

7r([idMiaA'/2,KA/3]) = 0:[Mi,M2],V,M3 

''■(aAfi,y,[A/2,A/3]) — [aAfi,y,Af2jidA/3]- 

So TT is faithful and full, hence by (TBI Theorem 1, pp. 91], the functor tt is a 
category equivalence. Finally, note that the functor tt is C-linear. 

(3) Its follows directly by the construction of M He J\f. □ 

Let C be a G-graded tensor category. Note that if C G is a subgroup of G, 
then the category Ch = ®t£hCt is a tensor subcategory of C. 

We shall say that an object J7 G C is invertible if the functor [/ (— ) : C 
C, 1^ M- J7(g)y is a category equivalence or, equivalently, if there is an object U* G C, 
such that U* (E)U = U (^U* ^1. 
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Proposition 2.13. Let C be a G-graded category and let H G be a subgroup of 
G. Suppose that the every category Co- has at least one invertible object, for every 
a £ G. Let M. be a module category overCn — ®heHCh. Then the k-linear category 
C abelian category. Moreover, since C is a C-Cn-bimodule category 

then C Kcff M is a left module category over the tensor category C. 

Proof. We shall suppose that the tensor category C is strict. Let S = {e, ai, . . .} be 
a set of representatives of the cosets G/H. Since C = 0ogE CuH as right C_f/-niodule 
categories, C = ©o-gs^ctJ? ^Ch -^j fc-hnear categories, by Proposition 

For every coset alL in G, let £ Ca be an invertible object. The functor 
Ua- ■ Ch — Ca-H, V 1-^ U„ (E> V is a category equivalence with a quasi- inverse 
U* : CaH Ch, W ^ U* ®W. Then we can assume, up to isomorphisms, that 
every object of Ccth is of the form U„ ® V, where V gCh- 

Let 0JFj, Mi\ G Ccth^Ch^- For every Vi there exist V- such that Vi = Ua>S>V-. 
Then 0jVi, M^] ^ [Ua, 0,; V/®Mi], i.e., we can assume, up to isomorphisms, that 
every object of CcH ^Ch is of the form [11^, M]. 

If Ua V = Ua then V = 1; so every morphism [Ua,M] [Ua,M'] is of the 
form [idu„,f], where f : M ^ M' . Then the functor : M CaH ^c„ M,f ^ 
[\Au^ , /] is an equivalence of fc-linear categories. We define the abelian structure 
over CaH ^Cff M. as the induced by this equivalence. 

For the second part, note that 



C KC„ = CaH ^Ch M 







as abelian category, so we need to prove that if 

(2.1) [Ua,S] ^ [Ua,T] ^ [Ua,W] 

is an exact sequence in CaH ^Ch i tfycn the sequence 

(2.2) [X ® Ua, S]^[X® Ua, T]^[X® Ua, W]^Q 

is exact for all X £ C. Since C — ^aecC^ we can suppose that X G Ct, then 

[X®Ua,S],[X®Ua,T],[X®Ua,W] £ CraH ^Ch M. 

Let Ura G Cra with invcrsc object U*^ £ C(t-o.)-i, so we have the following 
commutative diagram 



0^[XUa,S] 



[id,/] 



[XUa,T] 



[id,g] 



]XUa,W] 



0^[UraiU:aXUa),S] [UraiKa^ Ua) , T] [UraiKa^ Ua) , W] 



^UTa,Ui„XU„,W 



^ [(7,,, {U;aXUa)^^'''-^^iUra, {U;aXUa)Tf-^^"(Ura, {U;aXUa)W] ^ 
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where tensor symbols between objects and morphism have been omitted as a space- 
saving measure. 

Then the sequence (|2.2I) is exact if and only if the sequence 

(2.3) [Ura, {U:,XU^)S] ^ [Ur., {U;„XU„)T] [Ura, {u;,xu„)w] ^ 

is exact. By definition the sequence (j2.3p is exact if and only if the sequence 

^ {u;„xu,)s ^ {u;,xu„)T ^ iu;,xu,)w ^ o 

in Ai is exact, but since is a C/f-module category it is exact. □ 

3. Strongly graded tensor categories 

Recall from Definition II . 31 that the G-graded category C is called strongly graded 
if the inclusion functor Ccr • — !■ Cg-r is a category equivalence for all cr, r G G. 

Lemma 3.1. Let C be a tensor category. Then C is strongly graded over G if and 
only if the category Co- has at least one multiplicatively invertible element, for all 
cr S G. Moreover, in this case the Grothendieck ring of C is a G-crossed product. 

Proof. If C is strongly graded by definition there there exist objects Vi, . . . ,Vn G 
C^,Wi,...,Wt e C,-i , such that 1 ^ 0,, ^. V, ® Wj, then Endc(0,j (g, W^) ^ 
Endc(l) = A:, so n = 1, t = 1. That is, there exist objects V G Ca,W £ Cg^-i, such 
that V ®W = 1. 

Conversely, suppose that Ca has at least an invertible object for all a £ G. Let 
Ua E Ca be an invertible object with dual object U* G C„-i , so F = C/^ ® {U* ® V) 
for every V G C^t- Then the inclusion functor is essentially surjective, and therefore 
it is an equivalence. 

Recall that by definition a graded ring A = (BaeG^a is a crossed product over 
G if for all cr G G the abelian group A^- has at least an invertible element. Thus, 
by the first part of the lemma, the Grothendieck ring of C is a G-crossed product 
if C is strongly graded. □ 

Example 3.2. Let Vec^ be the semisimple category of finite dimensional G-graded 
vector spaces, with constraint of associativity uj{a, b, c)idabc for all a,b,c € G, where 
uj G Z'^{G, k*) is a 3-cocycle. Then Vec^ is a strongly G-graded tensor category. 

Example 3.3. Let C x G a crossed product tensor category. As we saw in the 
Introduction, the category G xi G is a strong G-graded tensor category. Now if 
we take a normalized 3-cocycle /3 G Z^{G,k*) and we define a new associator 
^[U,c7],[v.r],[w.p] = Pii^^T^ P)'^iu,a],[v,r],[w,p], then the new tensor category is strongly 
G-graded too. 

3.1. Module categories graded over a G-set. 

Definition 3.4. Let C — (BaecCa be a graded tensor category and let X be a left 
G-set. A left X-graded C-module category is a left C-module category endowed 
with a decomposition 

into a direct sum of full abelian subcategories, such that for all cr G G, x G X, the 
bifunctor ® maps Ca x M.x to Max- 

An X-graded C-module functor : — 5- A/" is a C-module functor such that 
F{Mx) is mapped to Nx^ for all x £ X. 
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Definition 3.5. A left X-graded C-submodule category oi A4 is serre subcategory 
TV of such that Af is an X-graded C-module category with respect to (E), and 
the grading J\fx C M^, x ^ X. 

An AT-graded C-module category will be called simple if it contains no nontrivial 
AT-graded C-submodule category. 

Lemma 3.6. Let C be a G-graded tensor category and let H Q G a subgroup of 
G. If J\f is a left Cn-Tnodule category, then the category C is a G/ H-graded 

C-module category with grading (C J^)(jH = (ffireo-ffC^) A/". 

Proof. Let S = {e, ci, . . .} be a set of representatives of the cosets of G modulo H. 
By Proposition l2.121 C ^ = ©treE^o-ff ^ fc-linear categories, and by 

the definition of the action of C, the module category C is G/ff-graded. □ 

Proposition 3.7. Let C be a strongly G-graded tensor category, and let (A,m, e) 
be an algebra in Cr- Then C^Ch {Ch)a — Ca as G / H -graded C-module categories. 

Proof. Let S = {e,ai, . . .} a set of representatives of the cosets of G modulo H. 
The C-module category Ca has a canonical G/iZ-grading: if (Af, p) is an A-module 
then 

(A/,p) = 0(Af,H,p,ff), 

where M^h = ®heH^'^h, PaH = ®heH P'^h- 

Let us consider the canonical C-linear functor F : C {Ch)a ~^ Ca, 

[V,{M,p)] ^ {V(E)M,idv<E>p). 

We shall first show that F is a category equivalence. 

Let Ua G CaH be an invertible object for every coset of H on G. Let (M, p) e Ca 
be a homogeneous A-module of degree a~^H . Then the A-niodule {Ua®M, \(iu„®p) 
is also an A-module in Cr and F{\U^-i , {Ua ® M, idu^ ® p)]) = (M, p) e Ca- So F 
is an essentially surjective functor. 

We can suppose, up to isomorphisms, that every object of Cuh ^Ch {Ch)a is of 
the form [U^, {M,p)]. Then F{[Ug, {M,p)]) = {Ug (g) M,id;7g p). Now it is clear 
that the functor F is faithful and full, so by [IB], Theorem 1, p. 91] the functor F 
is a category equivalence. □ 

Theorem 3.8. Let C be a strongly graded tensor category over a group G and let 
X be a transitive G-set. Let A4 and Af be non zero X-graded modules categories. 
Then 

(1) M = C ols X-graded C-module categories, where, for all x S X , 
H = st{x) is the stabilizer subgroup of x ^ X. 

(2) There is a bijective correspondence between isomorphisms classes of X- 
graded C-module functors {F, rj) : A4 — >■ AA and Ch -module functors (T, p) : 
Mx -^Afx- 

Proof. (1) Choose x G AT, and denote H = st{x). In a similar way to the proof of 
Proposition 13. 7[ the canonical functor p, : C Mx ^ M 

[V, M] -^V(g)M, 

is a category equivalence and it respects the grading. 
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The proof of part (1) of the theorem is completed by showmg that the functor fi 
is a C- module functor. Indeed, by Proposition 12.81 we can assume that the module 
categories are strict, hence 

fi{V ® [W, MJ) ^fi{[V^ W, M,]) 

^ (V (giW) (gi = V (g) {W (E) M^) 

i.e., /i is a C-module functor. 

(2) By the first part we can suppose M Mx- Let (i^, /i) : Mx Mx be a 

Cn-module functor, the functor 

I{F) -.CxMx^M 

{S, N)<^ S(E) F{N) 

with the natural transformation ids ^ f^v,N ■ I{F){S, V N) ^ I{S (g> V, N) is a 
Cjj-bilinear functor, so we have a functor 

/(F) : C A4 ^ M 

[S, N]^~^V(g, F{N) 

as.v,N ids ® ^J'V.,s, 

and this is an X-graded C-module functor in the obvious way. 

Let {F = ®s(zxFs,r]) : C Nx ^ M he an X-graded C-module functor. 
Consider the natural isomorphism 

<y[v,N] TlvAi,N] ■■ F{[V,N]) ^V®Fx{[l,N]) = I{Fx){[V, N]), 

'^X0[v,N] = Vx0V,[i,N] = idx ® 'nv,[i,N] ° VX,[V,N] 
= idx cr[y,Ar] o rix,lv,N]- 
So (T is a natural isomorphism of module functors. □ 

Corollary 3.9. Let C be a strongly G-graded tensor category. Then there is a 
bijective correspondence between module categories over Ce and G-graded C-module 
categories. 

Proof. It is a particular case of Theorem 13. 8[ with X ~ G. □ 
Proposition 3.10. For every a,T CzG, the canonical functor 

f^.r : ^Ce Cr ^ C„r, Ar([X, Y])=X®Y, 

is an equivalence of Cg-bimodule categories. 

Proof. Let us consider the graded C-module category C(t), where C = C(r) as 
C-module categories, but with grading (C(T))g = Crg, for r e G. 

Since C(T)e = Cr, by Theorem 13.81 the canonical functor /i(C(T)e) : C Cr — ^ 
C(r), 

[X,Y]^X(g)Y 

is an equivalence of G-graded C-module categories. So the restriction ii{C{T))a- '■ 
Ca Cr ^ C(t)o- = Cra IS a Cg-niodule category equivalence. But by definition 
fj,(C{T))^ = fa.T- It is clear that /^.r is a Ce-bimodule category functor, so the proof 
is finished. □ 
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4. Clifford Theory 

In this section we shall suppose that C is a strongly graded tensor category over 
a group G. 

We shall denote by fie. the set of equivalences classes of simple Cg-module cat- 
egories. Given a Ce-module category A4, we shall denote by ilc^i-M) the set of 
equivalences classes of simple Cg-submodule categories of . 

Lemma 4.1. Let Ai he a Ce-module category. Then for all a £ G, the category 
Ca KIcj Ad is a simple Ce-module category if and only if A4 is. 

Proof. If A/" is a proper Cg-submodule category of A4, then the category Ca 

is a Ce-submodule category of C^ the Cg-module category Ca Ai is 

not simple. 

By Proposition [3?T0l we have that A4=Cg-i Klc, (Cg ^c,M), so if Cg Klc„ A4 is 
not simple, then A4 is not simple neither. □ 

By Lemma 14.11 and Proposition 13.101 the group G acts on fice by 
GxQc.-^^c., {g,[X])^[CgMc^X]. 

Let be a C-module category, and let A/" C be a Serre subcategory. We shall 
denote by CcMJ^ the Serre subcategory given by Ob{Ca'®Af) = {subquotients of 
V ® N : V £ Ca,N £ M}. (Recall that a subquotient object is a subobject of a 
quotient object.) 

Proposition 4.2. Let Ai he a C-module category and let Af be a Ce-submodule 
category of Ai. Then Ca Af ^ Ca®Af, as Ce-module categories, for all a E G. 

Proof. Define a G-graded C-module category by gr-Af ~ ®aeG ^cr^-^i with action 

-.Ca X Cg®M Cag®N 
Va xT ^Va®T. 

Since C^N = Af as Ce-module category, by Theorem 13.81 the canonical functor 
//(TV) : CKlcj A" gr—Af is a category equivalence of G-graded C-module categories 
and the restriction ^a '■ Ca ~^ Ca®Af is a Cg-module category equivalence. □ 

Corollary 4.3. Let A4 be a C-module category. The action of G on ilce induces 
an action of G on flc^ (Ai). 

Proof. Let A" be a simple Cg-submodule category of A^ . By Proposition 14.21 the 
functor 

fXa : Ca He, A" C^^A" 

[V, N]^^V(g,N, 

is a Ce-module category equivalence, so Ca is equivalent to a Cg-submodule 

category of A^. □ 

Let Ai be an abelian category and let A/", TV' be Serre subcategories of TW, we 
shall denote TV-I-TV' the Serre subcategory of Ai where Oh[Af-\-N') = {subquotients of N® 
N' : N eAf,N' eAf'}. It wih be called the sum category of Af and TV'. 
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Proof of the Theorem \1.5[ (1) Let jV be a simple abelian Ce-submodule category 
of A4, the canonical functor 

[V, N]^V(g)N, 

is a C-module functor and ^ = ©o-eGMo-, where /ig. — fi\c^ - By Proposition 14.21 each 
/icr is a Cg-module category equivalence with C„®M. 

Since M. is simple, every object M € is isomorphic to some subquotient of 
^i{X) for some object X eC Klc. TV. Then M = Y^aeG CcMM and each Ca®M is 
an abelian simple Cg-submodule category. 

Let S, S' be simple abelian Cg-submodule categories of A4 . Then there exist 
(T,T e G such that C Klc, Af = S, Cr Sc, TV = 5", and by Proposition ElOl 
S' = Ct-ct-i Klc^ 5'. So the action is transitive. 

(2) Let H = st([TV]) be the stabilizer subgroup of [N] G r2c,(TW) and let 

Mat = Ch^Af- 

heH 

Since H acts transitively on ^cA^-N'): the Ci/-module category M^f is simple. 
Let E = {e, (Ji, . . .} be a set of representatives of the cosets of G modulo H. The 
map (j) ■ G/H flcuiM), 4>{aH) = [Ca®M.j\f] is an isomorphism of G-sets. Then 
M has a structure of G/i7-graded C-module category, where M. = ®a£Y.Ccr®Mj^. 
By Proposition 13. 8[ M.=C T^aA as C-module categories. □ 

Remark 4.4. Nikshych and Gelaki noted the existence of a grading by a transitive 
G-set for every indecomposable module category over a G-graded fusion category 
[l5l Proposition 5.1]. Using the Theorem 13.81 and [HI Proposition 5.1], we can 
do an alternative proof of the main theorem in the case of strongly graded fusion 
categories. 

5. Simple module categories over crossed product tensor categories 
and g-equivariant of tensor categories 

5.1. G-equivariantization of tensor categories. Let G be a group acting on a 
category (not necessarily by tensor equivalences) C, * : G — >■ Aut(C), so we have 
the following data 

• functors ct* : C — ?> C, for each a G G, 

• isomorphism (^(cr, r) : (err)* ^ cr* o r*, for all a,T G G. 

The category of G-invariant objects in C, denoted by C'-^ , is the category defined 
as follows: an object in C*^ is a pair (V, /), where V is an object of M. and / is a 
family of isomorphisms : a^,{V) V , a & G, such that, for all a,T G G, 

(5.1) (j){(T,T)faT = fa(^*Ur)- 

A G-equivariant morphism </> : {V, /) {W, g) between G-equivariant objects (F, /) 
and (IV, 5), is a morphism u : — > in C such that Qa o cr*(M) = uo f^, for all 
aeG. 

If the category C is a tensor category, and the action is by tensor autoequivalences 
* : G^ Aut^(C), then we have a natural isomorphism 

• i^i(T)v,w ■■ (^*iV) ® a,{W) ~^a,iV(S) W), for ah aeG,V,W eC. 
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thus has a tensor product defined by 
where 

and unit object (l,idi). 

Example 5.1. The comodule category of a cocentral cleft exact sequence 
of Hopf algebras. Let G be a group and let 

(5.2) k~>A^H^kG^k 

be a cocentral cleft exact sequence of Hopf algebras, i.e., the projection tt : H ^ kG 
admits a fcG-colinear section j : kG — H, invertible with respect to convolution 
product. 

Since the sequence is cleft, the Hopf algebra H has the structure of a bicrossed 
product H = A^^crkG with respect a certain compatible datum (-jp, cr, r), where 
• : A ig) kG — >■ A is a weak action, a : kG (8> kG A is invertible cocycle, p : 
kG — i> kG ® A is a weak coaction, r : kG A^ A is a dual cocycle, subjects to 
compatibility conditions in [V, Theorem 2.20]. 

The projection in (|5.2p . is called cocentral if 7r(ft,i) ® h2 — 7r(/i2) ® hi, this is 
equivalent to the weak coaction p to be trivial, see |17[ Lemma 3.3]. 

Lemma 5.2. Let H ^ A'^^crkG be a bicrossed product with trivial coaction. Then 
the group G acts over the category of right A-modules aM., arid hM ^ (a-M)'^ as 
tensor categories, were hM. is the category of right H -modules . 

Proof See |IZl Lemma 3.3]. □ 

Remark 5.3. Let H he a semisimple Hopf algebra over C. By [15l Proof of Theorem 
3.8], the fusion category of finite dimensional comodules is G-graded (not 

necessary strongly graded) if and only if there is a cocentral exact sequence of 
Hopf algebras as in (|5.2|) . In this case, the fusion category ^ Ai is weakly Morita 
equivalent to a G-crossed tensor category aM xi G. That is, = J^aM>!g{^,-^), 
for some indecomposable >^ G-module category Af. 

5.2. The obstruction to a G-action over a tensor category. Let C be a tensor 
category, we shall denote by Aut(g,(C) the group of tensor auto-equivalences, it is 
the set of isomorphisms classes of auto-equivalences of C, with the multiplication 
induced by the composition: [F] [F'] = [F o F'] . 

Every G-action over a tensor category induces a group homomorphism tp : G 
Aut|g,(C). We shall say that a homomorphism tp : G ^ Aut0(C) is realizable if 
there is some G-action such the induced group homomorphism coincides with ip. 

The goal of this subsection is show that for every homomorphism ip : G ^ 
Aut,g(C), there is an associated element in a 3rd cohomology group which is zero 
if and only if ij) is realizable. Moreover, every realization is in correspondence (non 
natural) with an element of a 2nd cohomology group. 

5.2.1. Categorical-groups. A categorical-group ^ is a monoidal category where ev- 
ery object, and every arrow is invertible, see [4] for a complete reference. 

A trivial example of a categorical-group is the discrete categorical-group G, as- 
sociated to a group G. The objects of G are the elements of G, the arrows are only 
the identities, and the tensor product is the multiplication of G. 
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Complete invariants of a categorical-group Q with respect to monoidal equiva- 
lences are 

where tto{Q) is the group of isomorphism classes of objects, tti{G) is the abelian 
group of automorphisms of the unit object. The group T^iiG) is a 7ro(^)-module in 
the natural way, and a is a third cohomology class given by the associator. 

Complete invariants of a monoidal functor F : Q ^ Q' between categorical- 
groups, with respect to monoidal isomorphisms are 

T^o{F) : MS) ^ 7ro{G'),MF) ■ MS) ^ 7r,{g'),0{F) : MS) x MG) MG') 

where no{F) is a morphism of groups, ni{F) is a morphism of 7ro(t/)-modules and 
e{F) is a class in C^{7ro{g),MS'))/ B^{Tra{g),TTi{g')), such that 

s{9{F)) = MQ'Um) - MQ'n^iQ')), 

where 

are the maps of cochain complexes induced by the group morphisms t:q{F) and 
TTi (F) . The next result follows from the last discussion or see |4l . 

Proposition 5.4. Let g be a categorical group and let f : G ^ 7i'o(^?) be a morphism 
of groups. Then there is a monoidal functor F : G g, such that f = ttq^F) if 
and only if the cohomology class of f^{(j)) is zero. 

V f*i4') zero, the classes of equivalence of monoidal functors F : G g are 
in one to one correspondence with H^(G,TTi{{g))). 

Proof. The monoidal category G has invariants 7ro(G) = G and 7ri(G) — 0. Then, 
the proof follows from the discussions of this subsection, or see j4] . □ 

5.2.2. The obstruction to a G-action over a tensor category and cyclic actions. Let 
Aut^(C) be the monoidal category of tensor auto-equivalences of a tensor cate- 
gory C, where arrows are tensor natural isomorphisms and tensor product given by 
composition of functors. Then Avit^{C) is a categorical-group. 

The invariants associated to Aut,g, (C) (see Subsection l5.2.1|) are Then ttq (Aut^ (C)) = 
Aut0(C), and 7ri(Aut0(C)) = Aut,g,(idc), the group of monoidal natural isomor- 
phisms of the identity functor. 

Theorem 5.5. Let C be a tensor category and let G be a group. Consider the data 
{Aut^{C), Autfg,{idc),[a\) associated to the categorical- group Aut^{C). Then 

• a group homomorphism f : G ^ Aut^{C) is realized as a G-action over C 
if and only if — [/*(«)] G H^{G, Aut(g,{idc)). 

• Lf the group homomorphism f : G ^ Aut^{C) is realizable, then the set of 
realizations of f is in 1-1 correspondence with Z'^ {G , Autt^{idc)) , and the 
set of equivalences classes of realizations of f is in 1-1 correspondence with 
H^{G,Aut(s(idc)). 

Proof. The Theorem is a particular case of the Proposition [SUl □ 
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Recall that if A is a module for the cyclic group Cm of order m, then 
(5.3) i?"(C„,;A) 



{a e A: Na^ 0}/{<7 -l)A, if n = 1,3, 5,. 

A^-^/NA, ifn = 2,4,6. 



where N ^ 1 + a + + ■ ■ ■ + cr™ ^, see [HI Theorem 6.2.2]. Given an element 
a G A*-^" the associated 2-cocycle can be constructed as follows. 



(5.4) laia\an 




if i + j < m, 
if i + > m. 



Let : C — C be a monoidal equivalence, such that there is a monoidal natural 
isomorphism a : F™ — > idc . By Theorems 15.51 and (j5.3p , the induced homomor- 
phism ip : Cm Aut,g(C) is realizable if and only if idp ® idp^i = a. In this 
case, two natural isomorphisms ai,a2 '■ F"^ — ^ idc realize equivalent Cm-actions 
if and only if there is a monoidal natural isomorphism 6 : Fi ^ F2 such that 
e^Fi = F2. 

Corollary 5.6. Let C be a tensor category and let Cm be cyclic group of order 
TO. Then the set of Cm-o-ctions over C are in 1-1 correspondence with pairs {F,a), 
where F : C C is a monoidal equivalence, a : _F™ — idc a monoidal natural 
isomorphism such idp a = a (8" idp- 

Two pairs (Fi, ai) and {F2, 02) induce equivalent Cm-o.ctions if and only if there 
is a monoidal natural isomorphism 9 : Fi F2 such that 9™Fi = F2. 



The description of the 2-cocycle associated to a Cm-invariant element ([57 
is as follows: the Cm-action ip : C™ Aut^(C) associated to a pair {F,a) is 
7/^(1) = idc, ipi'^^) = F\ i = I, . . .m — I, and the monoidal natural isomorphisms 
(f)a{a\a3) : F' o F'+i 



(5.5) M'^\'^') 




if i + j < TO, 
= a^+J-" idF, if j + j > m. 



5.2.3. The bigalois group of a Hopf algebra. Let _ff be a Hopf algebra. A right H- 
Galois object is a non-zero right _ff-comodule algebra A such that the linear map 
defined by can : A®A^Ai^H,ai^bi-^ a&(o) ® &(i) is bijective. 

A fiber functor F : ^ A4 Vect is an exact and faithful monoidal functor that 
commutes with colimits. Ulbrich defined in |30j a fiber functor Fa associated with 
each iJ-Galois object A, in the form Fa{V) = AU\hV , where AU\hV is the cotensor 
product over H of the right i?-comodule A and the left iJ-comodule V . He showed 
in loc. cit. that this defines a category equivalence between i7-Galois objects and 
fiber functors over ^ Ai. 

Similarly, a left iJ-Galois object is a non-zero left i/-comodule algebra A such 
that the linear map can : A(E}A^H(^A,a(^bi-^ '^{-i) ^(0)^ is bijective. 

Let H and Q be Hopf algebras. An if-Q-bigalois object is an algebra A which is 
an iZ-Q-bicomodule algebra and both a left iJ-Galois object and a right Q-Galois 
object. 

Let A be an _ff-Galois object. Schauenburg shows in [23l Theorem 3.5] that there 
is a Hopf algebra L{A, H) such that A is a L{A, iJ)-iJ-bigalois object. 
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The Hopf algebra L{A, H) is the Tannakian-Krein reconstruction from the fiber 
functor associated to A. By 23, Corohary 5.7], the foUowing categories are equiv- 
alent: 

• The monoidal category BiGal(i?), where objects are ff-bigalois object, 
morphisni are morphism of A-bicomodules algebras, and tensor product 
AU\hB, the cotensor product over H . 

• The monoidal category Aut0( ^ M). 

Schauenburg defined the group BiGal(ff) as the set of isomorphism classes of 
-ff-bigalois objects with multiplication induced by the cotensor product. This group 
coincides with knt(^{^ M). 

Is easy to see that for the Hopf algebra kG of a group G, BiGal(/eG) = Aut{G) x 
H^{G,k*). However, it is difficult to find an explicit description in general. The 
group BiGal(if) has been calculated for some Hopf algebras, for example: Taft 
algebras ^2F, monoidal non-semisimple Hopf algebras 0, the algebra of function 
over a finite group coprime to 6 [8]. 

5.2.4. The abelian group Auti^{idc) for Hopf algebras. 

Proposition 5.7. Let H be a Hopf algebra. Then Aut(g,{id^M) — G{H) n Z{H) 
the group of central group-likes of H . 

Proof The maps H 0^ (M 0^ N) {H (»h N) ®k {H ®h N),h ® m ® n ^ 
(g) m) (g) (/i(2) (8) n), and H ®kk ^ k,h®l^ ^{h), induce natural i?-module 
morphisms 

Fm,n : H i^h {M (gi N) ^ {H <g)H M) (g) {H <g)H N) 
F° : H ®Hk^k. 

The identity monoidal functor is naturally isomorphic to {.H. (E)h (— ), F, F'^), and it 
is well-know that every i/-bimodule endomorphism is of the form ipc ■ H ^ H , h i-^ 
ch, for some c £ Z{H). The natural transformation associated to i/'c is monoidal if 
and only if f/^c is a bimodule coalgebra map, i.e., if c is a group- like. □ 

For the group algebra fcG, we have Aut®(idj.cAi) == Z{G) the center of G, and 
for a Hopf algebra C"-^, where G is a finite group, we have Aut(g,(id ^m) — G/[G, G]. 

Let C be a complex fusion category, i.e., a semisimple tensor category with 
finitely many isomorphisms classes of simple objects. In [15 it is shown that every 
fusion category is naturally graded by a group U{C) called the universal grading 
group of C. The group U{C) only depends of the Grothendieck ring of C. 

In Proposition 3.9] it is shown that if C is a fusion category and G = U (C) 
is the universal grading group of C, then Aut®(idc) = Gat the group of characters 
of the maximal abelian quotient of G. 

Corollary 5.8. Let H be a semisimple almost-cocommutative Hopf algebra. Then 
U{hM) ^ Z{H)r\G{H). 



Proof. Since H is almost-commutative the Grothendiek ring is commutative, hence 
the universal grading group is abelian. By Proposition IS . 71 and 15j Proposition 3.9] 

U{hM) = Z{H)r\G{H). ' □ 
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5.3. G-invariant actions on module categories. Let C be a tensor category 
and let {(J,ip) : C — s> C be a monoidal functor. If (A^,®,a) is a right C-module 
category, the twisted C-niodule category (A^*^, 0'^, a'^) is defined by: M = M"^ as 
category, with M (g)'' V = M ® (t{V), and alty^w = ® ipv,w ° aM,v,w- 

Definition 5.9. Let C be a tensor category, M a left C-module category and 
cr : C — s> C a monoidal functor. We shall say that the functor (T, 77) : Af -> M°' is a 
(T-equivariant functor of if is a C-module functor. 

Given an action of a group G over C, the module category A4 is called G-invariant 
if there is a cr-equi variant functor for each cr G G. 

Let cr, r : C ^> C be monoidal functors. Let also (T, rf) : M ^ M" a a-equivariant 
functor and (T', 77') : M A-'H a r-invariant functor. We define their composition 

by 

{T'T,T'{f^){i]'{T X T))) -.M^M. 
This gives a cr o r-equivariant functor of AA. 

Given a G-action over a monoidal category C and a G-invariant module cat- 
egory J\4, we denote by Aut^(7\/() the following monoidal category: objects are 
cr^-equivariant functors, for all a G, morphisms are natural isomorphisms of 
module functors, the tensor product is composition of C-module functors and the 
unit object is the identity functor of A4. 

Definition 5.10. Let {a^.,(j){a,T),^lJ{a)) : G -> Ant^{C) be an action of G over a 
tensor category C, and let A^ be a G-invariant C-module category. A G-invariant 
functor over A4 is a monoidal functor (cr*, 0, V') ■ G^ Aut^(A4), such that a* is a 
cr^-invariant functor, for all a E G. 

Remark 5.11. (1) A C-module category A4 with a G-invariant functor is called a 
G-equivariant C-module category in (131 definition 5.2]. 

(2) Let C be a G-invariant monoidal category. The monoidal category Aut^(A/f) 
is a graded categorical-group and the group Aut^(A/() has a natural group epimor- 
phism TT : Aut^(A4) G. So, if a group homomorphism ip : G ^ Aut^ (A/() is 
realizable, then mp ~ idg. Such group homomorphisms will be called split. 

(3) Let V : G ^ Autf (Al) be a split group homomorphism. If a e H 
(Aut^(A^), H) is the 3-cocycle associated to the categorical-group Aut^(A4), then 
like in Theorem 15.51 -0 is realizable if and only if the 3-cocycle ip^,{a) is a 3- 
coboundary, and the set of realizations of ^p is in correspondence with the elements 
of a 2nd cohomology group. 

The following result appears in [28l Sec. 2]. 

Proposition 5.12. Let C » G be a crossed product tensor category. Then there 
is a bijective correspondence between structures of C x G-module category and G- 
invariant functors over a C-module category Ai. 

Proof. Let A^ be a C x G-module category. Each object [l,cr], cr g G, defines an 
equivalence cr* : A/J — M,M [l,cr] (X) Af . With (j){a,T)M — a(i,(T),(i,T),Af the 
constraint of associativity, this defines a monoidal functor G Aut(A4). 

The category A^ is a C-module category with F (g) M = []/, e] ® ^ and since 
[1, cr] (g) [V, e] = [cr* (]/), e] ® [1, a] we have a natural isomorphism tp{a)v,M ■ o", (V) (g) 
cr(M) -J- a{V (g) M), by ip{a)v,M = o^{i]a).iv,e),M ° "(<T.(y),e),(i,a).M- This defines a 
G-invariant functor. 
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Conversely, if G — 5- Aut^(A^) is a G-invariant functor, we have natural isomor- 
phisms (j>{(T,T)M ■■ a^n{M) an{M), i){(j)v.M ■ a{V) -g) a{M) (t{V (g) M). 
Then, we may define the action on Ai by 

{V,a)(g)M V® o-^M), 

and constraint of associativity 

a{v,<T),(w,T),M = idy(gicr.(H') ® (/)(cr, t)m o av^a.{w),a,{T,{M)) ° idy (8) fPi<^)w,M' 

□ 

Suppose that the group G is finite and the tensor category C is a fusion category 
over an algebraically closed field of characteristic zero. Then the module categories 
over C X G and C*^ are in bijective correspondence by [HI Proposition 3.2]. If is 
C XI G-module category then, by Proposition 15.121 there is a G-action on , and 
the category M'-^ is a C^-module category with 

(y,/)0(A/,5) (y®M,/i), 

where 

ha = gaha1p{(j)y\j. 

For a fc-linear monoidal category and G finite where char(fc) i |G|, Theorem [28l 
Theorem 4.1] says that every C'^-module category is of the form A^*^ for a C x G- 
module category. The following result appears in [13] for fusion categories and finite 
groups. 

Theorem 5.13. Simple module categories overCysG are in bijective correspondence 
with the following data: 

• a subgroup H Q G, 

• a simple H -invariant C module category M, 

• a monoidal functor _ff — )■ Aut^ {A4). 

If the group G is finite then the module categories over C'^ are in bijection with the 
same data. 

Proof. By Theorem II. 5 [ if TV is an simple C x G-module category, then it is isomor- 
phic to C^c»H ^ for some subgroup H C G and a simple C x iJ-module category 
A4, such that Ai is 7J- invariant. In particular it follows that the restriction of M 
to C is simple. Now the correspondence follows from Proposition l5.12l 

If the group G is finite, then the correspondence follows from '28', Theorem 4.1] 
or [m Proposition 3.2]. □ 

Suppose that G is a finite group and H = A^f/^a-kG is a bicrossed product with 
trivial coaction. Then the module categories over h-M are of the form Af-^, for 
some G-equivariant ^A^-module category Af. Moreover, the module category is 
simple if and only if M is simple. 

Example 5.14. Let > 2 be an integer and let 5 e C be a primitive iV-th root of 
unity. The Taft algebra T(q) is the C-algebra presented by generators g and x with 
relations g'^ = 1, x'^ — and gx — qxg. The algebra T{q) carries a Hopf algebra 
structure, determined by 

Ag = g g^ Ax = x(>^l + gii^x. 

Then e{g) — 1, e{x) — 0, S{g) — 5^^, and S{x) ~ —g^^x. It is known that 
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(1) T(q) is a pointed non-semisimple Hopf algebra, 

(2) the group of group-like elements of T{q) is G{T{q)) = {g) ~ Z/{N), 

(3) T{q)^T{qr, 

(4) T{q) ~ T{q') if and only if g = g'. 

Proposition 5.15. Let G be a group, then the set of G-actions on the tensor 
category ^('^A^ of T{q)-comodules is in 1-1 correspondence with the set of group 
homomorphism from G to C* i>< C, where C* acts on C 6j/ C* x C — > C, (s, t) i— > st. 

Proof. By Proposition [STTl the abelian group Aut0(idc) is trivial, and by [251 The- 
orem 5], Autg3(^(«)A4) = BiGal(r(g)) ^ C* x C. Then by TheoremEU the set of 
isomorphism classes of G-actions is given by the set of group homomorphism from 
G to C* X C. □ 

If G = Z/(iV) then, by Proposition l5.15l the possible G-actions are parameterized 
by pairs (r, /i), where r is a non-trivial iV-th root of the unit and fi € C 

We shall denote by ^(0,7) the r(g)-bigalois object associated to the pair (r, fi) G 
C* K C BiGal(r(g)). See [HI Theorem 5]. 

The ^(9)A^-module cate gories of rank one are in correspondence with fiber func- 
tors on -^(''^ A^, and these are in turn in 1-1 correspondence with T{q)-Galois objects. 
By Theorem 2 in loc. cit., every T((7)-Galois object is isomorphic to ^(1^3), /3 G C, 
and two T((7)-Galois objects A(^i^p^, ^(i p) isomorphic if and only f5 — 11. 

By Theorem 15.131 if there is a semisimple module category of rank one over 
C = X 1/{N), it must be a A^-module category Z/(7V)-invariant. 

Suppose that ^(1,^) is Z/(Af)-invariant. Since ^(r,^)nT(9)^(i,/3) — ■A(r,^^+l}), we 
have that ^ = 0. Then if the action is associated to a pair (r, /i) where 7^ 0, the 
category C does not admit any fiber functor, i.e., it is not the category of comodules 
of a Hopf algebra. 

However, since every simple object is invertible, the Pcrron-Frobenius dimension 
of the simple objects is one. So, by [TTJ Proposition 2.7], the tensor category 
^('^A^ X Z/{N) is equivalent to the category of representations of a quasi- Hopf 
algebra. 

Note that the tensor category (^('^'A^)'^ has at least one fiber functor, for every 
group and every group action. In fact, since the forgetful functor U : ^("^^A^*^ 
^(9)A^ is monoidal, then the composition with the fiber functor of ^'^''^Al gives a 
fiber functor on (^(^'X)'^. 
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